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Abstract: In this paper, we consider the notion of the Smarandache curves by considering 
the asymptotic orthonormal frames of curves lying fully on lightlike cone in Minkowski 3- 
space RÌ. We give the relationships between Smarandache curves and curves lying on lightlike 


cone in RÌ. 
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§1. Introduction 


In the study of the fundamental theory and the characterizations of space curves, the related 
curves for which there exist corresponding relations between the curves are very interesting and 
an important problem. The most fascinating examples of such curves are associated curves 
and special curves. Recently, a new special curve is called Smarandache curve is defined by 
Turgut and Yilmaz in Minkowski space-time [9]. These curves are called Smarandache curves: 
If a regular curve in Euclidean 3-space, whose position vector is composed by Frenet vectors on 
another regular curve, then the curve is called a Smarandache Curve. Then, Ali have studied 
Smarandache curves in the Euclidean 3-space E?[1]. Kahraman and Uğurlu have studied dual 
Smarandache curves of curves lying on unit dual sphere S in dual space D? [3] and they have 
studied dual Smarandache curves of curves lying on unit dual hyperbolic sphere H? in D} 
[4]. Also, Kahraman, Onder and Uğurlu have studied Blaschke approach to dual Smarandache 
curves [2] 

In this paper, we consider the notion of the Smarandache curves by means of the asymptotic 
orthonormal frames of curves lying fully on Lightlike cone in Minkowski 3-space RÌ. We show 
the relationships between frames and curvatures of Smarandache curves and curves lying on 
lightlike cone in RÌ. 


§2. Preliminaries 


The Minkowski 3-space RÌ is the real vector space R? provided with the standart flat metric 
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given by 
l, ) =—da? + dri + dz? 


where (21, £2, £3) is a rectangular coordinate system of IRẸ. An arbitrary vector 0 = (v1, v2, v3) 
in R? can have one of three Lorentzian causal characters; it can be spacelike if (g, 0) > 0 or 
v = 0, timelike if (v, v) < 0 and null (lightlike) if (v, v) = 0 and v # 0. Similarly, an arbitrary 
curve £ = Z(s) can locally be spacelike, timelike or null (lightlike), if all of its velocity vectors 
x'(s) are respectively spacelike, timelike or null (lightlike) [6, 7]. We say that a timelike vector 
is future pointing or past pointing if the first compound of the vector is positive or negative, 
respectively. For any vectors @ = (a1, a2, a3) and b= (b1, b2, b3) in R$, in the meaning of Lorentz 


vector product of @ and 0 is defined by 


ey, —€2 —€3 
axb= a1 a2 a3 = (agb3 = agba, aıb3 _ a3bı, and, ra aıb2). 
bi b2 b3 


Denote by T Ñ, B } the moving Frenet along the curve x(s) in the Minkowski space RÌ. 


For an arbitrary spacelike curve x(s) in the space RÌ, the following Frenet formulae are given 


([8}), 


T 0 k 0 T 
N' = -ek 0 TF Ñ 
B' 0 er 0 B 





where (PE) =1, (N,N) =e=H1, (B,B) = —€, (7,N) = (7B) a (Ñ, B) =0andk 
and 7 are curvature and torsion of the spacelike curve x(s) respectively [10]. Here, € determines 
the kind of spacelike curve z(s). If € = 1, then z(s) is a spacelike curve with spacelike first 
principal normal N and timelike binormal B. Ife= —1, then 2(s) is a spacelike curve with 
timelike principal normal N and spacelike binormal B [8]. Furthermore, for a timelike curve 
x(s) in the space RÌ, the following Frenet formulae are given in as follows, 


T 0 K 0 T 
N' = k 0 T N 
B' 0 -r 0 B 


where ke = —1, (N,N) = (B,B) = 1, (TN) = (7,B) = (Ñ, B) = 0 and « and T 
are curvature and torsion of the timelike curve z(s) respectively [10]. 

Curves lying on lightlike cone are examined using moving asymptotic frame which is de- 
noted by {z, a, 7} along the curve x(s) lying fully on lightlike cone in the Minkowski space 
R3. 


For an arbitrary curve z(s) lying on lightlike cone in RÌ, the following asymptotic frame 
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formulae are given by 





Tz 0 1 0 z 
&@|=s|k 0 -1 a 
y 0 -K 0 y 
where (Z, 7) = (Y, ¥) = (€,a) = (Y,a) = 0, (7,9) = (&,&) = 1 and « is curvature function of 





curve a(s) [5]. 


§3. Smarandache Curves of Curves lying on Lightlike Cone in 


Minkowski 3-Space R} 


In this section, we first define the four different type of the Smarandache curves of curves lying 
fully on lightlike cone in RÌ. Then, by the aid of asymptotic frame, we give the characterizations 


between reference curve and its Smarandache curves. 


3.1 Smarandache #d-curves of curves lying on lightlike cone in R} 


Definition 3.1 Let x = x(s) be a unit speed regular curve lying fully on lightlike cone and 


{Z, a, y} be its moving asymptotic frame. The curve a, defined by 
1(s) = £(s) + a(s) (3.1) 
is called the Smarandache £A-curve of x and ay fully lies on Lorentzian sphere S?. 


Now, we can give the relationships between x and its Smarandache #G@-curve a as follows. 


Theorem 3.1 Let x = 2(s) be a unit speed regular curve lying on Lightlike cone in RÌ. Then 
the relationships between the asymptotic frame of x and Frenet of its Smarandache Xa-curve 


ay are given by 


E K T —1 
Tı Vi—2k VI—26 VIr z 
x k'+k(—kK'—2k+1) k'+2k—4k? 2h—K/—1 >- 
Ny |= (1-2k)? VA (G25)? VA (0-2K)? VA a (3.2) 
= = k! ki +K—2k? 
B VI -kVA m DKI n ee a j 
3 RNA (1-2n) 2 VA (1—2%) 2VA j 


where « is curvature function of x(s) and A is 





(2k — 1) (K)? + (8K — 8K? — 2)K' — 16K* — 24k’ + 4k? — 2K 


oF (1 — 2x)4 


Proof Let the Frenet of Smarandache #@-curve be {ñ Ni, Bi \. Since G(s) = Z(s)+a(s) 
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and T, = a,/ ||a||, we have 








> K 1 1 
Ti = —————7(s) + ——=(s) — ——— 7} 3.3 
ea eee eae” ey 
where 
ds 1 ee 1 
— = ——. and k< =. 
ds, 1—2k 2 
Since N =F |Ë , we get 
in Piz f ad 2 / 2 A 2 2 = al 
Noa KK + K K Fee eal K Kies KK i(s) (3.4) 


(1 — 2x)?2VA G—aneva S a (1 ZRNA” 





where 
E (2k — 1) (K)? + (8K — 8K? — 2)K' — 16K* — 24k? + 4K? — 2K 
= (1 — 2x)4 ` 
Then from Bı a T, X N, we have 
~ —1 kK k! — 2k? +k , 


> 


(s). (3.5) 


(s) 


Bı = —=7(s) + ———_-——_4 D 
VI- 2kVA ts) (1 — 2) 2VA (1 — 2m) RVA- 














From (3.3)-(3.5) we have (3.2). 


Theorem 3.2 The curvature function kı of Smarandache £a-curve ay according to curvature 


function of curve x is given by 
VA 


aa? (3.6) 


Ki, = 














Proof Since kı = Z| Using the equation (3.3), we get the desired equality (3.6). 
Corollary 3.1 If curve x is a line. Then Smarandache @-curve ay is line. 


Theorem 3.3 Torsion T, of Smarandache £d-curve a, according to curvature function of curve 


x is as follows 





A— A'+2KA! — kK’ ASRA SIRKA FARAS Aw! — 2A TORRA 





T- = 
! (1 — 2x)? A? 
K'A — Akk? + k'k" A — 6? A’ — 6Akk' gár? 
(1 — 2x)* A2 
dB, : ar. 
Proof Since 7, = ( ——, N, ). Using derivation of the equation (3.5), we obtain the wanted 
ds, 8 














equation. 
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Corollary 3.2 If Smarandache Zd-curve a, is a plane curve. Then, we obtain 








(A Al +2kKA' — KKA — K'A — 2KK' A' + 4674 — An! — 2AKk 4 2K" A) 
A 12 
BAK 0. 


+ (1 —2n) + 6’A— Ann? + wn" A — Kw? Al — 6 Ane! O 
— 2k 








3.2 Smarandache 7y-curves of curves lying on Lightlike cone in Rj 


In this section, we define the second type of Smarandache curves that is called Smarandache 
y-curve. Then, we give the relationships between the curve lying on lightlike cone and its 
Smarandache #y-curve. 


Definition 3.2 Let x = x(s) be a unit speed regular curve lying fully on lightlike cone and 
{Z,a, y} be its moving asymptotic frame. The curve ag defined by 


is called the Smarandache #¥-curve of x and fully lies on Lorentzian sphere S?. 


Now, we can give the relationships between x and its Smarandache #y-curve az as follows. 


Theorem 3.4 Let x = x(s) be a unit speed regular curve lying on lightlike cone in RÌ. Then 
the relationships between the asymptotic frame of x and Frenet of its Smarandache £y-curve az 
are given by 








T, 0 1 0 z 
No: =| gore t See a 
Dp 1 k 5 
B2 Woman! O yr y 


where K is curvature function of x(s). 


Theorem 3.5 The curvature function k2 of Smarandache Xij-curve ag according to curvature 


function of curve x is given 


k2 = V — 2k. 


Corollary 3.3 Curve x is a line if and only if Smarandache Zij-curve az is line. 


Theorem 3.6 Torsion T2 of Smarandache £y-curve az according to curvature function of curve 
x is as follows 
—2/ 2k! 


T2 = n 
4K? — 4k? 


Corollary 3.4 If Smarandache Ziy-curve az is a plane curve. Then, curvature k of curve x is 


constant. 


6 Tanju Kahraman and Hasan Hüseyin Uğurlu 


3.3 Smarandache @y-curves of curves lying on lightlike cone in RÌ 


In this section, we define the third type of Smarandache curves that is called Smarandache 
a@y-curve. Then, we give the relationships between the curve lying on lightlike cone and its 


Smarandache ay-curve. 
Definition 3.3 Let x = x(s) be a unit speed regular curve lying fully on lightlike cone and 
{Z,a, y} be its moving asymptotic frame. The curve a3 defined by 

dis(s) = a(s) + y(s) 


is called the Smarandache Gij-curve of x and fully lies on Lorentzian sphere S?. 


Now we can give the relationships between x and its Smarandache @y-curve a3 as follows. 


Theorem 3.7 Let x = x(s) be a unit speed regular curve lying on lightlike cone in R?. Then 
the relationships between the asymptotic frame of x and Frenet of its Smarandache Gy-curve a3 
are given by 














> K =K -1 
T3 y K2—2K y K2—2K V K2—2K x 
Nz a= —K4+2K3 2K 2K! +4KK! +2K3 —4k2 kk! — KK! HKS —2K2 a 
VA VA VA 
B 32K! 5K Kt t An? —4k? KK! — KK! 646444634 2K3 RK! —4K 2K! J 


VAĘs/k2—2k VA 62-26, VAV K2—2k 


where « is curvature function of x(s) and A is 





A= (4K* — 16K? + 16K?) (K)? + &/(—10K° + 38K" — 364°) — 267 + 12K° — 24m” + 16K°. 


Theorem 3.8 The curvature function k3 of Smarandache Qy-curve œz according to curvature 


function of curve x is given 


(464 — 16K? + 16K2)(4’)? + «/(—10K° + 38K4 — 3643) — 2K" + 1256 — 24K” + 16K4 


ee (kK? — 2K)? 


Corollary 3.5 If curve x is a line. Then, Smarandache ay-curve ag is line. 


Theorem 3.9 Torsion 73 of Smarandache Gy-curve az according to curvature function of curve 
x is as follows 
by (KK! — K' +K? — 2k?) i 2bə (k-k) _ bzr? 

A(K? — 2%) A A 


T3 = 
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where bı, b2 and b3 are 








by = —6K(K')? + 92K! + 5K)? + 5K” — 463K! — BKK! 
+ (3676! — Ben! + K4 — 4k? + 4K?) (= + =s 
bo = (K? -— k)” + (2K — 1)(K')? — (K?°K' — Kr’) (= + aS) 
bs = (567 —16K4 12)k?k' + (2k — 8)K(K’)? + 2K 3” 
(2K3K! — 467K! + 6° — 4n* + 4r?) (5 + = l 


Corollary 3.6 If Smarandache &ğ-curve œz is a plane curve. Then, we obtain 





o~ 
© 
— 
a 
a 
a 
a 
w 
N 
a 
N 
a 


(K? — 2) (2b2 (x — K’) — bsk?) = 0. 


3.4 Smarandache 7dj-curves of curves lying on lightlike cone in RÌ 


In this section, we define the fourth type of Smarandache curves that is called Smarandache 
Layj-curve. Then, we give the relationships between the curve lying on lightlike cone and its 


Smarandache £a@y-curve. 


Definition 3.4 Let x = x(s) be a unit speed regular curve lying fully on Lightlike cone and 


{Z,a, y} be its moving asymptotic frame. The curves a4 and as defined by 


are called the Smarandache ZAy-curves of x and fully lies on Lorentzian sphere S? and hyper- 


bolic sphere Hj. 


Now, we can give the relationships between x and its Smarandache #@y-curve a4 on 


Lorentzian sphere $7 as follows. 


Theorem 3.10 Let x = x(s) be a unit speed regular curve lying on lightlike cone in R3. Then 
the relationships between the asymptotic frame of x and Frenet of its Smarandache £dij-curve 


a4 are given by 


l-k —1 


= K 
Ta VK2—4K4-1 VK2z—4K4-1 VK2—4K4-1 x 
7 = a S a ee 3 
Na ~~ vf 2a1¢1 +b? vf 20101 +b? vf 2a1¢1 +b? a 
D —K)+ —1)—b = 
By ci(1 K) bı c1K +a, ai(K ) 1K J 





VrR2—4r+1l4/2a1c1+b2 VrZ2—4r+1l4/2a1c1+b2 VK? —4K+14/2a10c1 +b? 
1 1 1 
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where « is curvature function of x(s) and ay, b1, cı are 





V3(K — 266! — 5K? + 5K3 — kf +K) 


ayn = 








(k? — 4k + 1)? 
m V3(2k + K’ — 8K? + 2KK' + 2K?) 
(k? — 4K 4+ 1)? 
O -V3(—2«! + KK! + 5K — 5k? + K3 — 1) 
2 a ep 


Theorem 3.11 The curvature function k4 of Smarandache Zay-curve a4 according to curvature 


Ka = 4/2a,c, + b?. 


Corollary 3.7 If curve x is a line. Then, Smarandache Zay-curve ay is line. 


function of curve x is given 


Theorem 3.12 Torsion T4 of Smarandache #ay-curve a4 according to curvature function of 


curve x is as follows 
a2c, + bib + Q1C2 


VV 2a1cı + b? 


T4 = 
where a2, b2 and co are 


1 1 ri 1 2 KK! — 2r’ al cytayc4 +b1b4 
V3(c4 c] — CIK by + cik" + a1k) V3(c1 eis by) ( gprs + tieteen 





(k2 — 46 + 1) y 2arcı + b? 





+ ¥. £ 
1 $ t _ = 2 2K 2-3 nR! — 2n! acı +a1c]+b1b1 
V3(ci k + cık’ +a} +c1 — cis + bi + ais — ark? + bir?) V3(ern + an) ( apige + tietee ath 








(k2 — 4k + 1)y/2ar¢1 + b? 











P $ 1 lob! 
1 t 1 1 1 KK — 2K acı +a1cı 1°41 
V3 ajk — aj +a1k bik — bik cık — a1) — V3(a1k — aı — bı K) (a A ami 





(K2 — 4k + 1) 2ac1 + b? 


Corollary 3.8 If Smarandache £ay-curve a4 is a plane curve. Then, we obtain 


agc, + bıbə + aycg = Q. 
Results of statement (ii) can be given by using the similar ways used for the statement (i). 
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